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Abstract

The application of Gaussianprocesses(or Gaussianrandom ¯eld models in the spatial
context) has historically been limited to datasets of a small size. This limitation is
imposedby the requirement to store and invert the covariancematrix of all the samples
to obtain a predictive distribution at unsampledlocations. Variousad-hoc approachesto
solve this problem have been adopted, such as selectinga neighbourhood region and /
or a small number of observation to usein the kriging process,but thesehave no sound
theoretical basisand it is unclearwhat information is being lost. In this paper we present
a recently developed Bayesianmethod for estimating the meanand covariancestructures
of a Gaussianprocessusing a sequential learning algorithm which attempts to minimise
the relative entropy betweenthe true posterior processand the approximating Gaussian
process.By imposingsparsity in a well de¯ned framework, the algorithm retains a subset
of `basisvectors' which best represent the `true' posterior Gaussianrandom ¯eld model in
the relative entropy sense(that is both the meanand covarianceare taken into account
in the approximation). This allows a principled treatment of Gaussianprocesseson very
largedata sets,particularly whenthey areregardedasa latent variablemodel, which may
be non-linearly related to the observations. We show the application of the sequential,
sparselearning in Gaussianprocessesto wind ¯eld modelling and discussthe merits and
draw-backs.

1 In tro duction

The aim of this paper is not to give a review of traditional geostatistics,which is excellently covered
in Cressie[1993], rather to introduce a new method for learning in Gaussianprocesseswhich has
application to the processingof large data setsusing a Bayesiangeostatistical framework. Section2
givesa brief review of geostatistics,using a slightly non-standardnotation, in order to provide the
context of this work. The parameterisationof the Gaussianprocessis discussedin Section3, which
is crucial for the novel learning algorithm that is developed in Section 4. The concept of sparsity
is introduced in Section 5, while Section 6 shows how it is possibleto learn hyper-parametersof
the covariance model within the framework developed herein. We illustrate the application of the
methods in Section7 and discussthe limitations and potential of the algorithms in Section8.
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2 Background

Geostatistics has been around for many years, and is a well studied and frequently used branch
of statistics [Cressie1993]. It is basedaround an assumption that any ¯nite collection of random
variables(typically indexedby spatial location) is jointly Gaussian{ that is s is a Gaussianprocess.
Location is represented by the vector x and the variable of interest, referredto as the state variable,
is represented by s(x ). In what follows we will tend to suppressthe explicit dependenceon x for
notational convenience,although this is still clearly present. We de¯ne a Gaussianprocessas:

p(s j µ) =
1

(2¼)d=2jK j1=2
exp

¡
¡ 0:5(s ¡ ¹ )0K ¡ 1(s ¡ ¹ )

¢
; (1)

where ¹ is the mean function of the process,which we shall assumewithout loss of generality is
zero, K is the covarianceand d is the dimensionof s. The parametersof the model, which we will
refer to as hyper-parameters, are denoted by µ, and are regardedas parameterisingthe covariance
function. If the meanwerenon-zerothen µ would include the parametersof the meanfunction. Thus
K = K (µ) wherein most casesthe covariancefunction is chosenfrom someparametric family, such
as an exponential, squaredexponential (Gaussian)or sphericalcovariancemodel [Cressie1993].

Geostatisticscan be broken down into two main activities:

² determining the form of the covariancematrix (e.g. variogram estimation),

² and performing prediction (e.g. kriging).

In this work a generalframework is assumedwhereobservations of the process,y , will not be directly
of the state, s, but rather they are indirect observations related to state by

y = H (s) + ² ; (2)

where H de¯nes the known observation operator, and ² de¯nes the error on these observations,
which is not necessarilyGaussian,but is assumedindependent and identically distributed. Writing
the model is this way is identical to the model basedgeostatisticsof Diggle et al. [1998].

Observation operators,sometimescalled`forward models', map the state variable to the observations,
and are particularly usefulwherethe observation of the state is indirect, such ascommonlyoccursin
remotesensing.Of coursewherewe can directly observe the state the observation operator is simply
the identit y function, but this formalism remainsusefulsinceit is possibleto dealwith non-Gaussian
noisein the direct observations in the sameframework.

A Bayesianinterpretation [Cressie1993;Diggle et al. 1998]is adopted,wherethe aim is to infer the
posterior distribution of the state, s, given the all observations, y :

p(s j y ; µ; H ) =
p(y j s; H )p(s j µ)R
p(y j s; H )p(s j µ)ds

: (3)

This has the standard form of posterior = likelihood £ prior ¥ evidence(or normalising constant) 1.
This framework for thinking about Gaussianprocessescan be very useful: the Gaussianprocessis
seenas specifying a prior distribution over s (as a continuousfunction of x ), which is then updated

1Equation 3 is not a fully Bayesianmodel, sincethis would alsotreat the hyper-parametersasunknowns, which must
also be integrated over for marginal inferenceon the state, but this adds an additional complexity, which necessitates
sampling and is not pursued herein.
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into the posterior given the observations y . These processbased ideas can help get away from
someof the arbitrariness of the choicesthat must be made during a geostatisticalanalysisof data.
For Gaussiannoiseand linear observations this posterior can be determined analytically, sincethe
integral in the denominator is Gaussianand can be analytically evaluated. However numerically the
evaluation of Equation 3 requiresthe inversionof a covariancematrix of dimensionnd£ nd, wheren
is the number of samplesand d is the dimensionof the state space(often one,except in co-kriging),
which is very computationally expensive and prohibits the treatment of large data sets with e.g.
nd > 1000.

Several approaches exist to mediate the numerical problems that arise in large data sets, such as
usingmoment basedestimatorsto estimatethe covariancefunction, then using local neighbourhoods
to solve the prediction equations. This has the problem of generatingarti¯cial boundary e®ectsas
samplesare included and excludedby the neighbourhood, which is chosenon an arbitrary basis.

When H in non-linear, or the observation noise is non-Gaussianthe solution to Equation 3 is no
longer analytic and optimisation methods can be usedto provide maximum a posteriori probability
estimates,or samplingcan be usedto provide a completenon-parametricestimation of the posterior
distribution. Samplingbasedmethodsarevery numerically intensiveand su®erfrom issuesof conver-
gencedetection, that is, whenhave we takenenoughsamplesto provide a stableestimateof Equation
3? Optimisation methods are feasible,but only producea singleestimate of the state, without any
uncertainty measure,although in principle such measurescould be estimated by determining the
Hessianmatrix of Equation 3 at the maximum a posteriori probability value. This would also be
rather expensive; using the Hessian,which is a local measure,might be rather sensitive to multiple
minima in Equation 3 or slow convergenceof the optimiser.

2.1 Covariance estimation

The most commonapproach to covarianceestimation is to assume(and possibly even check) strict
or secondorder stationarity [Cressie1993], and then use this assumption to allow inferenceof a
covariancefunction or variogramusingan ergodic assumption. The stationarity assumptionis crucial
to the existenceand inferenceof a stationary covariancefunction.

In method of moments basedapproaches, a non-parametric estimator is used to compute sample
covariancefunctions by computing binned estimatesof the samplecovarianceasa function of separa-
tion distance. To make this model continuousit is then commonpractice to ¯t a covariancefunction
to this non-parametricestimator { a method of moments estimator. Often the form of the covariance
function can be chosenon the basisof arguments about the physical processeswhich generatedthe
data, or more data driven methods such as crossvalidation can be used. It can be very di±cult to
estimatepropertiesof the process,such asdi®erentiabilit y usingobservations unlessthe observations
samplethe processvery densely.

Alternativ ely, and with more statistical rigour, it is possible to estimate the covariance function
directly from the data using a maximum likelihood method. This is straight-forward where H is
linear, but is more tricky for non-linear H , or non-Gaussiannoise, ² . Given the model Equation
1 and the observation equation Equation 2, the likelihood of the observations is dependent on the
hyper-parameters,µ. Theseparametersaretypically length scalesand variancescales,although some
covariancefunctions alsopossesssmoothnessparameters- e.g. the Besselfunction basedcovariances,
or Mat¶ern covariancefunctions [Cressie1993].

The standardpractice is to minimise the negative log likelihood with respect to µ. The likelihood will
be a non-linear function of the µ even under the linear Gaussianmodel, thus optimisation algorithms
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must be used. Each step in the optimisation requires computation of the inversecovariancematrix
for the whole data set, somethingwhich is again computationally very expensive for large data sets.

In principle, whereprior knowledgeis available (which we would argue is in almost every case)the
hyper-parameters,µ, should be given prior distributions and estimation should compute the maxi-
mum a posteriori probability valuesof theseparameters.The optimal solution would be to compute
the joint posterior over the state and hyper-parametersand then integrate over the hyper-parameters
to compute the marginal distribution of the state. This in not numerically practical for most situa-
tions, so a maximum a posteriori probability estimate is generallysought. For very large data sets
it is reasonableto expect (if the stationarity assumptionis valid) that the posterior distribution of
the hyper-parametersis strongly peaked, and thus the impact of a maximum a posteriori probability
assumptionwill be minimal.

2.2 Prediction

Oncethe hyper-parametersof the model have beenestimated,it is then possibleto make predictions,
either where there is data, or where there is none, using the ¯tted stationarity covariance function
to estimate the covariancesbetweenlocations. This activit y is generallyreferredto askriging (in its
many forms), and can be consideredas the best linear unbiasedestimator, given the assumptions
made. As well as a prediction of the mean, a prediction of the covariancesis also provided, which
is important becausethis predictive distribution is necessaryto make optimal use of the data in
decisionsand further processing.In the linear Gaussiancase(classicalgeostatistics)the prediction
equation for the meanis

sp = k 0K ¡ 1y ; (4)

where k is the covariance between the observation locations and the prediction location, K is the
covariancebetweenall observations,y = s sinceH = 1, and the equationfor the prediction covariance
is

K p = K (0; 0) ¡ k 0K ¡ 1k : (5)

Both equations require the computation of the inverse of the covariance of all the observations,
although as noted earlier, in practice theseequationsare often solved over neighbourhoods by using
a small subsetof local points.

In the next sectionwe introducea parameterisationof the posterior Gaussianprocesswhich makes
it possibleto introduce a sparse,sequential variational learning algorithm for Gaussianprocesses,
which enablestreatment of very large data sets in a principled manner and allows for consistent
estimation of hyper-parametersusing all the data.

3 Parameterisation

In order to enablethe generalmodel de¯ned in Equation 1, Equation 2 and Equation 3 to be treated
numerically a universalparameterisationof the posterior of a Gaussianprocessesis developed. This
allows the development of learningalgorithms which canbe modi¯ed to include sequential processing
of observations, sparsity, and hyper-parameterestimation.

A natural representation of the posterior Gaussianprocess,Equation 3, can be derived, which is
related to the representer theorem, often used with spline models [Wahba 1991]. The Gaussian
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processposterior meanis parameterisedas

hs(x )i post = hs(x )i prior +
nX

i =1

qi K (x ; x i ) ; (6)

where hs(x )i prior = ¹ is mean function with respect to the prior (which is generally zero), and
K (x ; x i ) is the covariancebetweenthe point x and the points x i usedin the approximation. The
covariance function, parameterisedby µ, is assumedknown from the prior, although the hyper-
parameterscan be re-estimated,as is shown later in Section6. The scalarqi 's thus de¯ne the mean
value of the posterior process,which is very unlikely to be zeroat any given point, even though the
prior generally is. The covarianceof the Gaussianprocessposterior is parameterisedas

K post(x ; ~x ) = K (x ; ~x ) +
nX

i;j =1

K (x ; x i )Ri;j K (x j ; ~x ) ; (7)

where K (x i ; ~x ) is the covariance of the prior Gaussianprocessbetween locations x i and ~x and
Ri;j contains the information about the posterior covariance. This is a rede¯nition of the way to
approximate the posterior distribution Equation 3 in terms of a ¯nite set of parameters,q and R.
For notational conveniencewe will write ® = f qi ; Rij ; 8i; j = 1: : : ng.

The parameterisation using ® is exact in the linear, Gaussiancase. In the non-linear and / or
non-Gaussiancasethe posterior in Equation 3 is no longer Gaussian;methods to addressthis are
discussedin the next section. It is alsopossibleto retain the sameform of parameterisation,but only
retain a subsetof the observations, which we refer to as `basis vectors' that makes it is possibleto
control the growth in the number of parametersretained in the parameterisedposterior, asdiscussed
in Section5.

4 Learning framew ork

The aim is to produce a framework for learning the parameters,®, of the representation Equation
6 and Equation 7 using the Bayesian formulation from Equation 3. In the caseof H linear and ²
Gaussian,this posterior can be computed exactly (solving a Gaussianintegral) and an algorithm
which allows sequential processingof the data can be developed to update the posterior Gaussian
process,by an update to ®. This is similar in spirit to the Kalman ¯lter, and the result is exact,
so it is possibleto processthe data in arbitrary order. Actually the algorithm is rather like the
application of the iterativ e Woodbury matrix inversion formula [Presset al. 1992],and still scales
computationally asO(n3), soit is equivalent to the processof inverting the matrix in Equation 4 and
Equation 5. Details of the algorithm can be found elsewhere[Csat¶o 2002;Csat¶o and Opper 2002]{
the intention here is to give a higher level overview; details of the computation are very involved.

When the observations are non-linearly related to the state, or the noise is non-Gaussian,then in
general the posterior Equation 3 will no longer be Gaussian. This presents a problem, since the
parameterisationproposedabove can only represent Gaussianposteriors. There are two choices:

² accept the non-Gaussianposterior and attempt to sample from this very high dimensional
distribution;

² acceptthat although the exact posterior is not Gaussian,a Gaussianprocessapproximation to
this posterior is the only feasiblesolution available in reasonabletime.
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The approach of samplingis prohibitiv ely expensive for even moderately largedata sets,and is com-
pletely unsuitable for real time applications. Note, it is the posterior distribution of the unobserved
state, s, that is assumedto be Gaussian,not the observations.

The approach adopted to learning the parameters,®, is a variational one. This involves de¯ning
an approximating distribution q(s) to the true posterior given by Equation 3, which is now denoted
p(s) for notational convenience,although it is clear that this is still conditioned on the observations
and hyper-parameters.The aim in variational learning is to determine the q(s) which best ¯ts the
true distribution p(s). Best is de¯ned here to mean the Gaussiandistribution which has minimal
Kul lback-Leibler (KL) distance to the true (non-Gaussian)posterior.

4.1 Kullbac k-Leibler distance { a measure of distances between distributions

The KL-distance, which is sometimesreferredto as the relative entropy, for reasonswhich will soon
be illustrated, measuresthe `distance' between two probability distributions. It is non-symmetric;
the KL-distance betweenp(s) and q(s) is given by:

KL(p (s); q(s)) =
Z

ln
·

p(s)
q(s)

¸
p(s)ds (8)

=
Z

ln [p(s)] p(s)ds ¡
Z

ln [q(s)] p(s)ds : (9)

The ¯rst term in Equation 9 is the entropy of the true posterior which is an (unknown) constant,
thus only the secondterm need be consideredwhen minimising Equation 9 with respect to the
parameters,®. This order in the KL-distance is appropriate becausethe averageis over the true
posterior; minimising this is equivalent to matching moments whenq(s) is Gaussian.Soit turns out
that after all the complexmaths the optimal approximation (in the sensedescribedabove) is the q(s)
which matchesthe moments of the true posterior p(s). Thesemoments are very simple to compute
in the Gaussianlinear case,but are far from simple in the non-Gaussianor non-linear H case. In
practice it is necessaryto computederivatives(with respect to the parameters®) of integrals of the
likelihood over the predictive Gaussianprocessprior approximation at the previousstep.

4.2 Variational Bayes

As mentioned, minimising the KL-distance between the true distribution and the approximating
posterior is equivalent to matching the (¯rst two) moments of the two distributions. It may be
helpful to think of this operation as a projection of the non-Gaussianposterior from Equation 3 to
the Gaussianapproximation which is closestasmeasuredby the KL-distance metric. This projection
step is key to the algorithm, and is carried out at each observation sequentially . Computational
details are given in Csat¶o and Opper [2002].

In practice this update requiresthe minimisation (and thus computation) of the integral of likelihood
over the predictive Gaussianprior (which comesfrom the Gaussianposterior approximation having
ingestedall observations up to the current one). For somemodels this integral can be doneanalyti-
cally, such aswhenH is linear and the noise,² , is exponential (seeFigure 1), or wherethe likelihood
is given by a Gaussianmixture model, but for generalforward models it is necessaryto either lin-
eariseor usesamplingbasedmethods. This approximation for non-linearH introducesan important
factor into the framework { the method is approximate, due to the projection and thus the order
of processingthe observations may becomeimportant. This can be explained by noting that with
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Figure 1: An exampleshowing how the method is able to learn the posterior distribution of the state
(meangivenby the dashedred line, +/- onestandarddeviation givenby the dash-dotred line), given
observations (red dots) with very non-Gaussian(singlesidedexponential) noise. The true generating
processis given by the solid (black) line, and the basis vectors are given by the blue crosses.In a)
the correct noisemodel is applied in the learning, while in b) Gaussiannoiseis assumed.Not only
is the estimate of the state biased,but the estimated uncertainty is also too high. The con¯dence
intervals are plotted in latent (state) space,not observation space.

non-linear observation operators the log posterior is no longer a quadratic form (Gaussian), rather
it may have several local optima, and an unlucky choice of the ordering of the data may result in
the algorithm ¯nding such a local minima. This algorithm is however far lesssensitive to thesetype
of e®ectscomparedto optimisation approachesbecausethe likelihood is integrated (i.e. smoothed)
over the prior (seethe secondterm in Equation 9) and then extremised. To reducethe impact of
data ordering on the approximation a data recycling method is introduced that helps minimise the
problemsof local optima, or poor convergence.

4.3 Data recycling

Inferencein the online approximation in Csat¶o and Opper [2002]is basedon a singlesweepthrough
the data, but as noted above this might producea rather poor approximation to the true posterior.
Unfortunately, using further sweepsthrough the data with the samesequential algorithm in order
to achieve a re¯nement of the approximation would violate the inherent assumption of the data
independenceand would lead to an unprincipled approximation.

The problem of data recycling is overcome using the recently presented expectation propagation
framework Minka [2000]. A principled improvement of the sequential approximation is achieved by
altering the Gaussianprocessposterior, Equation 3, in a way that, although having seenthe data
oncealready, secondand subsequent online inclusionsare possible.Intuitiv ely, the e®ectof the data
to be processedis ¯rst approximately `deleted' from the solution and only then is included for a
secondtime. Details of this method can be found in Csat¶o [2002].
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5 Sparsit y

The next step is to ask whether the computational complexity of the algorithm can be reduced,
but important features in the data retained. The answer is yes, but as ever there is a price. The
parameterisationusedfor the Gaussianprocessposterior enablesthe posterior to be written, not in
terms of the data, asis donein Equation 4 and Equation 5, but rather in terms of a setof parameters,
®. Theseretained ®'s are stored at a set of points that we call `basis vectors', which can be the
observation locations,but they don't have to be { they could be a grid, or locationsat which we want
to make predictions (e.g. seeFigure 1). Learning involvesestimation of the parameters,®, having
seeneach data point in turn. It is possibleto decideat each step whether it is `useful' to increase
the number of basisvectorsand thus increasethe sizeof ® and update theseto take account of the
observation. Alternativ ely the sizeof ® can be left unchanged,but the e®ectof the observation is
tak en in to account through changesto ®. In this way it is possibleto control the complexity of
the algorithm to O(nm2), where m is the number of basis vectors retained, and n is the number
of observations as before. Alternativ ely it is possibleto specify the minimal lossof information (in
the KL-distance sense)that is acceptable,and only add basisvectorswherethis is exceeded.When
approached in this way the sparsity ensuresa compact representation appropriate to the complexity
of the data.

In practice, at each step in the algorithm (that is aseach observation is processed)the dimensionof
the posterior processis increased.To determinethe optimal representation of this posterior in terms
of ® (at the basisvectors) the posterior is projected on to the Gaussianprocesswhich is most close
in the KL-distance sense.A basisvector will be addedonly if this is necessaryaccordingto whatever
criteria are chosento control the growth in complexity.

6 Hyp er-parameter estimation
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Figure 2: The sameexampleset up as in Figure 1 with one sided exponential noise. In a) we have
¯xed the hyperparametersto reasonable(but still inappropriate) valuesand then learnt the posterior
with these¯xed values,while in b) the hyper-parametervaluesare learnt by maximising the evidence
after each sweepthrough the data, as described in the text.

Usingthe sparseGaussianprocessframework, it is alsopossibleto perform an approximate estimation
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of any hyper-parameterscontained in the likelihood or in the Gaussianprocesscovariancefunctions
using the maximum likelihood II method. In this procedure,the total probability or evidence of the
data (the denominator in Equation 3) given by

p(y j H ; µ) =
Z

p(y j s; H )p(s j µ)ds ; (10)

is maximisedwith respect to the collection of hyper-parameters.An `expectation maximisation' al-
gorithm for an iterativ e minimisation of the evidencecan be applied. The nontrivial `E-Step' of
this algorithm requires the computation of posterior expectations which are consistently approxi-
mated using the sparseGP posterior provided by our method. Experiments on highly non-smooth
data models such as regressionwith one sidedexponential noiseshow a rather robust estimation of
hyperparameterswith this approach, as exempli¯ed in Figure 2.

6.1 The complete algorithm

The overall algorithm can be summarisedas:

1. Specify the prior Gaussianprocessdistribution p(s j µ)

2. FOR i = 1 : n LOOP

(a) Up date the current prior using Bayesrule (Equation 3) and a singleobservation to give
p(s j y i ; µ)

(b) By matching the moments of p(s j y i ; µ) to the approximating Gaussianprocessq(s j y i ; µ),
project this potentially non-Gaussianposterior to the closestGaussianprocessin the KL-
distancesensewhich becomesthe prior in the next iteration.

i. If necessaryincreasethe size and up date ®, or simply update the existing values
(sparsit y)

END LOOP

3. If desiredre-estimate the hyper-parameters,µ, of the prior

4. If necessaryrecycle the data (always true if hyper-parametershavebeenre-estimated){ repeat
to step 2.

Many of the stepsinvolved in this algorithm arenon-trivial to implement, however wehavedeveloped
a Ma tlab toolbox which is freely available under GPL from:

http://www.ncrg.aston.ac.uk/Projects/SSGP/

This toolbox includes a number of demonstrations,but has been designedwith a quite functional
user interface,which could certainly be improved for applying thesemethods to practical problems.
It is also true that Ma tlab is not the ideal environment for implementing someof thesemethods,
sinceit is not possibleto completely vectorisethe method.

7 Application to scatterometer data

Obtaining wind vectors, v, over the ocean is important to numerical weather prediction (NWP)
since the abilit y to produce a forecast of the future state of the atmospheredepends critically on
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Figure 3: (a) An approximate crosssection through the 3D conewhich de¯nes the forward model.
The lighter part is the upwind segment, the darker the downwind segment. A satellite observation,
y , is plotted as x, and corresponding closestpoints on the model manifold, are marked +. Also
shown are samplesfrom the noisedistribution along the manifold (small grey dots), this giving an
idea of instrument noise. (b) A contour plot of the local conditional probability density function of
y , as a function of s. The NWP wind vector is marked by the crossand the two humps correspond
to the two projections in (a).

knowing the current state accurately[Haltiner and Williams 1980].However, the observation network
over the oceans(particularly in the Southern Hemisphere)is very limited [Daley 1991]. Thus it is
hoped that the global coverageof ocean wind vectors provided by satellite-borne scatterometers
[O±ler 1994]will improve the accuracyof weather forecastsby providing better initial conditions
for NWP models [Lorenc et al. 1993]. The scatterometerdata also o®erthe potential of improved
wind climatologiesover the oceans[Levy 1994]and the possibility of studying, at high resolution,
interesting meteorologicalfeaturessuch as cyclones[Dickinson and Brown 1996].

7.1 Scatterometers

The illustration usesscatterometerdata from the ERS-2 satellite; the on-board vertically polarised
microwave radar operatesat 5.3 GHz and measuresthe backscatter from gravit y-capillary waveson
the ocean surfaceof » 5 cm wavelength. Backscatter from the ocean surface is measuredby the
normalisedradar crosssection, generally denotedby ¾o, and has units of decibels. A 500-km wide
swathe is swept by the satellite to the right of the track of its polar orbit. There are 19 cellssampled
acrossthe swathe, and each cell hasdimensionsof roughly 50 by 50 km, which implies that there is
someoverlap betweencells.

Each cell is sampledfrom three di®erent directions by the `fore', `mid', and `aft' beams,giving a
triplet, y = (¾o

f ; ¾o
m ; ¾o

a). This triplet y , together with the incidence and azimuth anglesof the
beams(which vary acrossthe swathe), is related to the averagewind vector v within the cell [O±ler
1994]. Here v is our state vector s. We assumethat any unmodelled e®ectsare largely related to
wind speed and thus their impact is implicitly included in the empirical models which have been
developed [Cornford et al. 2001;Bullen et al. 2003].
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7.2 Forw ard mo dels

In recent work [Bullen et al. 2003]we developed a scatterometerforward model basedon a combi-
nation of a radial basisfunction network and a truncated Fourier series:

y = a0 + a1 cos(Â) + a2 cos(2Â) + a3 cos(3Â) + a4 cos(4Â) ; (11)

where a0; a1 : : : a4 are the outputs from the radial basis function network with inputs wind speed
and beam incidenceangle, and Â is the wind direction relative to the satellite azimuth angle. The
non-linear forward model provides a local estimate of p(y j s) , and can be locally inverted (using
non-linear optimisation) to retrieve s, however care must be taken due to the presenceof multiple
local solutions, resulting from the Fourier form of the forward model and the observation noise,as
illustrated in Fig. 3.

For practical applications where many thousandsof scatterometerobservations must be processed
quickly, thusnon-linearoptimisation from multiple starts is prohibitiv ely expensive,andonly provides
the most probables, not the posterior distribution, which is desired.

7.3 Vector Gaussian pro cess priors

A stationary vector Gaussianprocessmodel is used to represent wind ¯elds, basedon the decom-
position of a vector ¯eld into purely divergent and purely rotational °ow, known as Helmholtz's
theorem [Daley 1991]. We do not give details here,but the full development can be found in [Corn-
ford 1998]. This allows control over the ratio of divergenceto vorticit y in the resulting vector ¯eld
and automatically producesvalid, positive de¯nite, joint covariancematrices K for the wind vector
components.

The maximum a posteriori probability valuesof the vector Gaussianprocesshyper-parameters,learnt
on a setof wind ¯elds obtainedfrom numericalweatherprediction modelsareusedin the speci¯cation
of the prior Gaussianprocess. Thesevaluessuggestedthat the wind ¯elds are oncedi®erentiable.
Thus the modi¯ed Besselcovariancefunction simpli¯es to a polynomial-exponential covariancefunc-
tion which has the form:

C(r ) = E 2

µ
1 +

r
L

+
r 2

3L2

¶
exp

³
¡

r
L

´
+ ´ 2 (12)

where r is the separationdistanceof two points, L is a characteristic length scaleparameter, E 2 is
the processvarianceand ´ 2 is the noisevariance. This form is much quicker to computeand is used
for this reason.We treat the maximum a posteriori probability hyper-parameters,µ = f r; L; E 2; ´ 2g
of the prior Gaussianprocessas known and ¯xed and do not re-estimatethem.

7.4 Variational retriev al using sparse, sequential Gaussian pro cesses

The variational approximation to learningis Gaussianprocessesis basedon minimising a KL-distance,
thus it requiresthe computation of certain Gaussianintegralsover the result of propagatinga Gaus-
sian distribution through the forward model (the computation of the likelihood) { seeEquation 3.
For many problems of interest (such as most remotely sensedmeasurements) the state vector is
non-linearly related to the observations, and the resulting combination of the Gaussianprocessprior
and the likelihood producein generalnon-Gaussianposteriors. Using the sequential character of the
approximation, theseintegrals must be performedover the latent variable at a single location only
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Figure 4: Wind ¯eld retrieval from scatterometer observations. (a) shows the results of Markov
Chain Monte Carlo sampling which took over 12 hours of CPU time. In (b) the results of the parse
sequential Bayesianlearning algorithm which took lessthan 2 minutes on the sameCPU with only
the (100) basisvectors are drawn in black, the remaining wind vectors are interpolated, shown in
grey. (c) shows the samedata with only 25 basis vectors retained, which took even less time to
compute.

and are thus typically low dimensional (2 dimensional for the wind ¯eld problem, where a vector
Gaussianprocessis de¯ned).

While this integral is analytically tractablefor the caseof the simpleparametric inversemodel [Csat¶o
et al. 2001], the integrals using generalnon-linear forward models require numerical methods. We
have implemented several approximations to the necessaryintegrals. The most simple approach is
to linearise the model about the prior mean (i.e. predictive mean of the current state given the
observations which have sofar beenintroducedinto the approximation). This method is slower than
the direct inversemodel approach where the integrals can be solved analytically, but as shown in
[Cornford et al. 2003]the resultsremainexcellent, albeit that moreiterations of the expectation prop-
agation algorithm are required, sincethe linearisation meanswe are only using local approximations
at each sequential update.

Figure 4 shows how the combination of the modi¯ed learning algorithm including expectation prop-
agation for data recycling and linearisation applied to the forward models to compute the required
integralscomparesto an exhaustive samplingapproach (for which convergenceis not guaranteed,but
has beenvisually inspected). The speedof processingusing the sparse,sequential methods means
that fully probabilistic retrieval of scatterometerwinds can now be undertaken in real time using
more accurateforward models.

Wewerealsoableto apply the non-linearforward model usingan exhaustivesamplingmethod, andan
importancesamplingmethod, basedon samplesfrom the predictive prior from the previousiteration.
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Thesehave beenimplemented, but not yet documented. We expect that the local samplingmethods
will present an important step to enlargethe applicability of sparseGaussianprocessalgorithms to
realistic data models by allowing us to retain their full non-linearity without signi¯cantly slowing
down the processingof the data.

8 Conclusions

This paper shows how a principled, Bayesianapproach to geostatisticscan be adopted without the
needto restrict the applicability to small problems,or require very long computing times. The algo-
rithm shows that it is possibleto develop a Kalman ¯lter like algorithm for kriging, and that we can
incorporate sparsity and hyper-parameterestimation (variogram modelling) into the sameconsistent
framework. The useof KL-distance to minimise the discrepancybetweenthe approximating and true
posteriorprovidesa principled framework for sparsity and dealingwith non-linearH and on-Gaussian
errors. This allows us to undertake probabilistic inferencein thesesituations with relatively small
computational expense.Of coursethe method su®ersfrom several problems,including:

² it is necessaryto assume(check) stationarity;

² convergenceof the algorithm can only be guaranteed in the linear H case;

² interpreting the KL-distances in not trivial { this is not a very intuitiv e measurefor many
people;

² implementing the method for any model H requires sampling (relatively slow, but no extra
coding) or linearisedversion of H (generally faster, but may give a worseapproximation and
requirescoding);

² at present hyper-parameterestimation is likelihood based,however an extensionallowing priors
over the hyper-parametersis possible;

² if the true posterior in Equation 3 is very non-Gaussian,then the Gaussianapproximation may
be rather poor and thus not particularly useful { this must be judged by the context;

² the algorithm involves somequite complex manipulations of the parameters®, and this, to-
getherwith the useof the expectation propagationmethod meansthat it canberather unstable
in caseswherethe likelihood is very peaked (corresponding to a small nuggete®ectin geostatis-
tics) { this could be helped by a di®erent implementation, but requiresconsiderablenumerical
analysis;

² using the method can be rather tricky becauseof the novelty of the approach;

Most of thesedrawbacks are either innate to any geostatistical method or are to do with the way
the algorithm is implemented, however the most seriousweaknessof the algorithm is that although
we can cope with non-linear H , in thesecircumstancesthe approximation may not be very good.
That being said, this may be the best we can hope for in largesystems;the only viable alternative is
a sampling basedapproach (possibly a particle ¯lter like extension),which will be computationally
rather unappealing.

In future work we would like to extend the model to space-timephenomenawith application to
data assimilation in numerical weatherprediction, better understandthe impact of the way we treat
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the integral over the non-linear H , incorporate a Bayesianprior for the hyper-parameters,µ, in the
re-estimation step and addressthe issueof inferencein non-stationary and non-Gaussianprocesses,
using a variety of methods.
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