




(2003) and not considered in this paper.

2.1 Spatial characteristics of point values and areal data

Let z�up� denote the true (but unknown) point-support value at location up. In the geostatistical
framework, that unknown value z�up� is viewed as a realization of a random variable (RV) Z �up�.
The set of all point RVs in the study domain

�
Z �up� �p � 1 � � � � �P� constitutes a discrete random

function (RF), which is partially characterized by its �rst two moments (mean and covariance).
In this paper, we focus on the second-order stationary case, whereby:

� the expected value (mean) of any RV Z �up� is constant within A:

E
�
Z �up�� � mZ � �up � A (1)

� the covariance between any two RVs Z �up� � and Z �up� at locations up� � up � h and up

separated by a vector h, depends only on (the modulus and possibly orientation of) that
vector h:

Cov
�
Z �up� � �Z �up�� � E

� �
Z �up � h� � mZ � �Z �up� � mZ �� � CZ �h� � �up� �up �h (2)

� in the case of a �nite variance Var
�
Z �up�� � CZ �0�, the semivariogram of the RF

�
Z �up� � p �

1 � � � � �P� is obtained as:

γZ �h� � 1
2

E
� �

Z �up � h� � Z �up��2� � CZ �0� �CZ �h� � �up� �up �h (3)

Note that in the case of an in�nite variance, Var
�
Z �up�� 	 ∞, the semivariogram γZ �h� is

still de�ned, even if the covariance CZ �h� is not.

The areal datum corresponding to the k-th support vk is denoted as d �vk�, and is linked to the
point-support values via a sampling function gk:

d �vk� �
P

∑
p	1

gk �up�z�up� (4)

where gk �up� denotes the value of the sampling function with respect to the k-th support vk at
location up. The above de�nition constitutes a convolution of the point -support values with the
sampling function gk; this latter function plays the role of a convolution kernel.

Some typical examples of that sampling function include:

1. an indicator function gk �up� � 1, if up � vk, zero if not. In this case, the areal datum d �vk�
is simply the sum of all Pk point values within support vk.

2. the indicator function normalized by the total number Pk of points within any support vk:
gk �up� � 1�Pk if up � vk, zero if not. In this case, the areal datum d �vk� is simply the mean
of all Pk point values within support vk.
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3. a more elaborate kernel function, such as the point-spread function of a satellite, weighting
the contribution of each point value z�up� within vk to the areal datum d �vk� (Vanmarcke,
1983; Collins and Woodcock, 1999).

In the geostatistical framework, the k-th areal datum d �vk� is viewed as a realization of a new
RV D�vk �. The set of all K such areal RVs

�
D�vk� �k � 1 � � � � �K� constitutes a new discrete random

function, whose moments are functionally related to those of the point RF
�
Z �up� � p � 1 � � � � �P�

(Anderson, 1958; Matheron, 1971; Journel and Huijbregts, 1978). More precisely:

� the expected value of any areal datum RV D�vk � is constant within A, and equal to:

E
�
D�vk�� � E

�
P

∑
p	1

gk �up�Z �up�� �
P

∑
p	1

gk �up�E �Z �up�� (5)

� mZ

P

∑
p	1

gk �up� � mD � �vk � A

or, in words, the mean mD of the areal-support data is a linear function of the point-support
mean mZ . Note that if the sum of the sampling function evaluated over vk is equal to one,
i.e., if ∑P

p	1 gk �up� � 1, the mean of the areal-support RF
�
D�vk� �k � 1 � � � � �K� is equal to

that of the point-support RF
�
Z �up� � p � 1 � � � � �P�, i.e., mD � mZ; this is the case of an areal

datum d �vk� de�ned as the mean of Pk point values within support vk.

� the covariance between any two areal data RVs D�vk� � and D�vk� is obtained as:

Cov
�
D�vk� � �D�vk�� � Cov

� �
P

∑
p�	1

gk� �up� �Z �up� �� �
�

P

∑
p	1

gk �up�Z �up�� � (6)

�
P

∑
p�	1

gk� �up� �
P

∑
p	1

gk �up�Cov
�
Z �up� �Z �up��

�
P

∑
p�	1

P

∑
p	1

gk� �up� �gk �up�CZ �up� � up� � CD �vk� �vk�

or, in words, the covariance CD �vk� �vk� between any two supports vk� and vk is a double
weighted linear combination of point covariance values CZ �up� � up� corresponding to all
possible vectors formed by any two prediction locations up� � vk� and up � vk. The semivar-
iogram γD �vk� �vk� between any two supports vk� and vk can be derived in a similar way from
the point semivariogram γZ �h�.

The link between the point-support RF
�
Z �up� � p � 1 � � � � �P� and the areal-support RF

�
D�vk � �k �

1 � � � � �K� is the cross-covariance between any point RV Z �up� � and any areal datum RV D�vk�:

Cov
�
Z �up� � �D�vk�� � Cov

�
Z �up� � �

�
P

∑
p	1

gk �up�Z �up�� � (7)

�
P

∑
p	1

gk �up�Cov
�
Z �up� �Z �up��
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�
P

∑
p	1

gk �up�CZ �up� � up� � CZD �up� �vk�

In what follows, we provide the vector/matrix expressions of the point-support and areal-
support spatial characteristics; these expressions are used extensively hereafter. Vectors are de-
noted with lower case boldface letters, while matrices are denoted with upper case boldface letters.

Let z � �
z�up� �p � 1 � � � � �P�� denote the (P � 1) vector of unknown point-support values, and

d � �
d �vk� �k � 1 � � � � �K �� denote the (K �1) vector of areal-support data; here superscript � denotes

transposition. The two vectors z and d are linked as:

d � Gz (8)

where G is a (K �P) matrix, whose k-th row consists of the (1 �P) vector of sampling function
values for support vk: gk � �

gk �up� � p � 1 � � � � �P�.
Let mZ � �

mZ �up� � p � 1 � � � � �P�� denote the (P � 1) vector of constant mean values at the P
prediction locations. The (K �1) vector of constant mean values of the K areal data RVs is denoted
as mD � �

mD �vk� �k � 1 � � � � �K��, and is related to mZ as:

mD � E
�
d� � E

�
Gz� � GE

�
z� � GmZ (9)

The (P �P) matrix CZ � �
CZ �up� � up� � p� � p � 1 � � � � �P� of point covariance values between all

pairs of prediction locations is de�ned as:

CZ � E
� �

z � mZ � �z � mZ ��� (10)

where CZ is positive de�nite, if its entries have been computed using a positive de�nite covariance
model, and symmetric, which entails CZ � C�Z.

The (P �K) matrix CZD � �
CZD �up� �vk� �p� � 1 � � � � �P�k � 1 � � � � �K � of cross-covariance values

between all pairs of prediction locations and areal data is de�ned as:

CZD � E
� �

z � mZ � �d � mD��� � E
� �

z � mZ � �Gz � GmZ ��� (11)

� E
� �

z � mZ � �z � mZ ���G� � CZG�

Note that, per symmetry, C�ZD � �CZG��� � GCZ � CDZ.
The (K �K) matrix CD � �

CD �vk� �vk� �k� �k � 1 � � � � �K � of covariance values between all pairs
of areal data is de�ned as:

CD � E
� �

d � mD� �d � mD��� � E
� �

Gz � GmZ � �Gz � GmZ ��� (12)

� E
�
G

�
z � mZ � �z � mZ ��G�� � GE

� �
z � mZ � �z � mZ ���G�

� GCZG� � GCZD

In this paper, we focus on the multivariate Gaussian case, whereby the point values are dis-
tributed as: z � N �mZ �CZ �. Since the area-support data are de�ned as linear combinati ons of
point-support values, their distribution is also multivariate Gaussian (Anderson, 1958), i.e.: d �
N �mD �CD� � N �GmZ �GCZG��.

In practice, it is only the data vector d that is observable, and consequently only mD and
CD can be estimated directly. The computation of mZ and CZ constitutes an ill-posed inverse
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problem, see for example Menke (1989), which can be solved using deconvolution techniques. In
this paper, we do not address the deconvolution of the area-support covariance matrix CD to infer
the point-support covariance model CZ �h�, and instead we assume that CZ �h� is known. The reader
is referred to Journel and Huijbregts (1978) or Collins and Woodcock (1999) for details regarding
the estimation of CZ �h� from areal data.

2.2 Area-to-point kriging

Consider now the task of predicting the unknown point value z�up� at the p-th location up. The
area-to-point simple kriging prediction �z�up� is expressed as a weighted linear combination of K
areal data comprising the (K �1) data vector d:

�z�up� � mZ � w�p
�
d � mD� � mZ �

K

∑
k	1

wk �up� �d �vk� � mD� (13)

where wp � �
wk �up� �k � 1 � � � � �K �� denotes a (K �1) vector of weights, whose k-th entry wk �up�

is the weight applied to the k-th areal datum d �vk � for prediction at the p-th location up. The
constant mean value mZ is assumed known, or can be estimated by inverting Equation (5) as:
mZ � mD�∑P

p	1 gk �up�.
The vector of kriging weights wp for prediction location up is derived per solution of the system

of normal equations, see Kyriakidis (2003):

CDwp � cp
ZD (14)

where cp
ZD � �

CZD �up �vk� �k � 1 � � � � �K �� denotes the (K � 1) vector of cross-covariance values
between the p-th prediction location and all K areal data supports.

The vector wp is then computed as:

wp � C
�1
D cp

ZD
� w�p � �cp

ZD��C�1
D (15)

where C
�1
D denotes the inverse of the areal-support covariance matrix CD. Note that, due to CD

being symmetric, �C�1
D �� � C

�1
D .

The prediction error variance �σ2 �up� at the p-th location up is written as:

�σ2 �up� � CZ �0� � w�pcp
ZD � CZ �0� � �cp

ZD��C�1
D cp

ZD (16)

and is homoscedastic, i.e., does not depend on the areal data values but only on the con�guration
and shape of their supports, as well as the point covariance model CZ �h�.

Combining Equations (13) and (15), the (P �1) vector �z � �
�z�up� � p � 1 � � � � �P�� of all P area-

to-point kriging predictions at all P locations is written as:

�z � mZ � W
�
d � mD� � mZ � CZDC

�1
D

�
d � mD� (17)

where W � �
wk �up� � p � 1 � � � � �P�k � 1 � � � � �K � is a (P �K) matrix of weights whose p-th row is

the vector w�p, and CZD is the (P �K) matrix of cross-covariances computed from Equation (11)
whose p-th row is the vector �cp

ZD��.
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The area-to-point predictions are unbiased, i.e., the expected value of vector �z is equal to the
mean vector mZ. Indeed, from Equation (17):

m �Z � E
�
�z� � E

�
mZ � � WE

� �
d � mD�� � mZ � W

�
mD � mD� � mZ (18)

which also entails that the prediction error has a zero expectation, i.e., mZ� �Z � E
�
z � �z� � 0.

It is also straightforward to prove that the resulting area-to-point kriging predictions reproduce
the areal-support data, i.e., to prove that G�z � d. Indeed, using Equation (17):

G�z � G
�
mZ � CZDC

�1
D

�
d � mD�� � GmZ � GCZDC

�1
D

�
d � mD� (19)

Using Equation (9) and the last relation of Equation (12), the above equation becomes:

G�z � mD � CDC
�1
D

�
d � mD� � mD � d � mD � d (20)

which entails that any areal-support datum d �vk� can be reproduced exactly by the resulting area-
to-point predictions, as long as the latter are computed by taking into account the functional rela-
tionship between that areal datum and the point data via Equations (8) through (17). It should be
stressed here that this coherence characteristic of the area-to-point kriging predictions: (i) does not
call for any multivariate Gaussian assumption regarding the vectors d or z, and (ii) is independent
of the particular point covariance model CZ �h� used for prediction.

An extremely particular case
Assume, for a moment, that the mean vectors mZ and mD are zero vectors, and that the point-
support values are spatially uncorrelated, i.e., Cu

Z � I, where I denotes the identity matrix (here
of dimensions (P �P)), and superscript u emphasizes the assumption of uncorrelated point values.
It readily follows from Equations (11) and (12) that: Cu

ZD � G�, and Cu
D � GG�. Consequently,

Equation (17) becomes:
�zu � G� �GG���1d (21)

which is also termed the minimum length solution of an under-determined inverse problem (Menke,
1989).

We will show, in terms of a small example, that this solution is the same as the choropleth map
solution frequently used in mapping, whereby the areal datum is equally distributed to all points
within a support. Consider, for example, the case of two areal data, i.e., d � �

4 6��, each pertaining
to the sum of two point-support values within a 1D segment. In this case, Equation (21) yields:

�zu �

���� 1 0
1 0
0 1
0 1

����
�		
� 1 1 0 0

0 0 1 1 �
���� 1 0

1 0
0 1
0 1

����

���
�1

� 4
6 � �

���� 1 0
1 0
0 1
0 1

���� � 1
2 0
0 1

2 � � 4
6 � �

���� 2
2
3
3

���� (22)

which is precisely the choropleth map solution.
A non-diagonal point-support covariance matrix CZ �� I can be therefore regarded as a �lter that

modi�es the minimum length solution depending on the type, r ange, and nested structures of the
point-support covariance model CZ �h�. This notion of �ltering is termed regularization in invers e
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problem theory, and should not be confused with the geostatistical concept of regularization (the
latter being a particular case of convolution).

Going back to the general case of an arbitrary (yet positive de�nite) point-support covariance
matrix CZ , the (P �P) matrix C �Z of covariance values between all possible pairs of point predic-
tions is derived as:

C �Z � E
� �

�z � m �Z �
�
�z � m �Z ��� � E

�
�z�z�� � mZm�Z (23)

� E
� �mZ � CZDC

�1
D

�
d � mD�� �mZ � CZDC

�1
D

�
d � mD���� � mZm�Z

� CZDC
�1
D E

� �
d � mD� �d � mD���C

�1
D CDZ � CZDC

�1
D CDZ

The (P �P) matrix CZ �Z of cross-covariance values between all possible pairs of true point-
support values and point predictions is written as:

CZ �Z � E
� �

z � mZ � ��z � m �Z ��� � E
�
z�z�� � E

�
mZm��Z � (24)

� E
�
z�mZ � CZDC

�1
D

�
d � mD���� � mZm�Z

� E
�
z�m�Z � E

�
z
�
d � mD���C

�1
D CDZ � mZm�Z � CZDC

�1
D CDZ � C �ZZ

Per the bi-linearity property of the covariance operator, the (P �P) matrix CZ� �Z of covariance
values between all pairs of prediction errors is written as:

CZ� �Z � CZ � CZ �Z � C �ZZ � C �Z � CZ � CZ �Z � CZ � CZDC
�1
D CDZ (25)

using the fact that C �Z � CZ �Z � C �ZZ from Equations (23) and (24). The (P �1) vector of diagonal
entries, diag�CZ� �Z�, constitutes the (P �1) vector of prediction error variances at the P prediction
locations. The p-th entry of that vector is �σ2 �up� given in Equation (16).

Last, the point predictions are uncorrelated with the prediction errors, i.e., the (P �P) matrix
C �Z �Z� �Z of covariance values between all pairs of point predictions and prediction errors is the zero
matrix:

C �Z �Z� �Z � C �ZZ � C �Z �Z � 0 (26)

using, again, Equations (23) and (24).
It should be stressed that all the above covariance matrices are homoscedastic, i.e., they do

not depend on the areal data values. They only depend on: (i) the spatial con�guration and shape
of the areal supports, (ii) the locus of the prediction locations within each support, and (iii) the
point-support covariance model CZ �h�.

The (P �1) vector z of true point-support values can always be decomposed into:

z � �z � �
z � �z� � �z � e (27)

where e � �
z � �z� denotes a (P �1) vector of prediction errors. Since, per Equation (18), m �Z � mZ,

it follows that the prediction error component e has zero mean. In addition, per Equation (26), that
error component e is uncorrelated with (and in the multivariate Gaussian case independent of) the
kriging component �z.

From the above, it follows that the (P �P) covariance matrix CZ of the point-support values
can also be decomposed as:

CZ � C �Z � CZ� �Z (28)
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which can be trivially proved from Equations (23) and (25).
It can therefore be deduced that the covariance matrix C �Z of area-to-point predictions is not the

same as the covariance matrix CZ of the true point-support values; that covariance de�cit is none
other than the covariance matrix CZ� �Z of prediction errors. In many applications, where z-maps
are used as inputs to non-linear spatially distributed models, however, it is of utmost importance
that such model inputs have the correct covariance in order to be able to realistically assess the
uncertainty in model outputs.

One way of generating a realization of point-support values with covariance matrix CZ is to
add to the area-to-point predictions a simulated error component with covariance matrix CZ� �Z.
This covariance matrix, however, is non-stationary: its diagonal elements, for example, are not
equal. In what follows, we illustrate precisely the construction of point-support realizations of
prediction error with that non-stationary covariance matrix CZ� �Z, which, when added to the kriging
predictions �z, yield realizations with covariance matrix CZ (over a large number of such simulated
realizations).

2.3 Area-to-point stochastic simulation

A straightforward method for generating a simulated realization with an arbitrary (yet positive
de�nite) non-stationary covariance is simulation via Chol esky decomposition, see for example
Deutsch and Journel (1998). This method, however, cannot handle large grids since one has to
compute the Cholesky decomposition of a, typically very large, (P �P) covariance matrix CZ� �Z.

An alternative simulation method, which does not suffer from the above limitation, is that of
kriging error simulation (Journel and Huijbregts, 1978; Deutsch and Journel, 1998; ChilŁs and
Del�ner, 1999). In a nutshell, kriging error simulation aim s at mimicking (simulating) the predic-
tion error incurred by kriging, by repeating the kriging procedure using a simulated data set with
the same con�guration as the original data. The simulated da ta are extracted from an unconditional
realization with covariance model CZ �h�. Since both the simulated kriging and the unconditional
realization are available, one can readily compute a simulated prediction error realization. In what
follows, we extend the above method to condition point-support realizations with covariance ma-
trix CZ to the areal-support data vector d.

Let z
�
s� denote a (P �1) vector of simulated point-support values with stationary mean vector

m
�
s�

Z � mZ and covariance matrix C
�
s�

Z � CZ . Here superscript �s� denotes the s-th realization, and
there might be S such simulated vectors

�
z
�
s� �s � 1 � � � � �S�. These S unconditional point-support

realizations can be generated by various stochastic simulation algorithms, see for example Deutsch
and Journel (1998). An extremely fast algorithm that can also handle large grids is moving average
simulation in the frequency domain (Oliver, 1995; Le Ravalec et al., 2000).

The key concept of moving average simulation is that a realization of a Gaussian white noise
process (with complete absence of spatial correlation) can be transformed (smoothed) to a realiza-
tion with a desired covariance model CZ �h� via convolution by an appropriate kernel. The entries
of that kernel can be directly derived from the covariance model CZ �h�, and the convolution can
be performed much faster in the frequency domain by means of the Fast Fourier Transform (FFT).

The �owchart of frequency domain, moving average simulatio n (on a regular grid) of a Gaus-
sian process with mean mZ and point-support covariance model CZ �h� is given below (for more
details, see Le Ravalec et al. (2000)):
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1. Construction of a covariance map on the simulation grid using the covariance model CZ �h�,
and determination of the associated power spectrum by computing the FFT of that covariance
map.

2. Generation of a standard Gaussian realization (with white noise covariance) on the same
grid, and computation of its FFT.

3. Element by element multiplication of the square root of the power spectrum and the result of
the previous step. This product constitutes a simulated realization in the frequency domain.

4. Inverse FFT of the above product to obtain a simulated realization in the original data space.
A constant value mZ is added to the result to obtain a realization z

�
s� with mean mZ.

A new realization z
�
s� � can be generated by repeating steps 2-4 with a new white noise image

simulated in step 2.
By applying Equation (8), i.e., by convolving the simulated point values within each support

vk with the convolution kernel gk, one can generate a (K �1) vector d
�
s� of simulated areal-support

data with the same support con�guration as the original data d:

d
�
s� � Gz

�
s� (29)

where, per Equation (9), the mean vector of simulated areal data is m
�
s�

D � GmZ, and per Equation

(12), the (K �K) covariance matrix of the simulated areal data is: C
�
s�

D � GCZD � GCZG�.
Consider now generating a new simulated realization, i.e., a new (K �1) vector z

�
s�

c of simulated
values, conditioned (hence the subscript c) on the areal-support data vector d as:

z
�
s�

c � �z � e
�
s� � �z � �

z
�
s� � �z

�
s�� � �z � �

z
�
s� � CZDC

�1
D d

�
s�� (30)

where �z
�
s� is a (P �1) vector of simple area-to-point kriging predictions obtained from the simu-

lated areal-support data d
�
s� of Equation (29), and e

�
s� � �

z
�
s� � �z

�
s� � is a (P �1) vector of simulated

prediction error values.
The mean of the conditionally simulated point values is approximately equal to mZ:

E
�
z
�
s�

c � � E
�
�z� � �

E
�
z
�
s� � �z

�
s� �� � mZ � �

mZ � mZ � � mZ (31)

since, per Equation (18), E
�
�z
�
s�� � m

�
s�

Z � mZ . In words, because the area-to-point predictions
are unbiased, area-to-point kriging using simulated areal data with mean � mD ensures that the
simulated point predictions have mean � mZ .

Recall that: (i) the vector �z
�
s� of simulated area-to-point kriging predictions is derived from

simulated areal data d
�
s� that have the same support con�guration as the original area l data d, and

(ii) the vector z
�
s� of point-support simulated values has (approximately) covariance matrix CZ.

This entails that the simulated kriging component �z
�
s� has the same covariance matrix with that of

Equation (23), i.e.: C �Z �s� � C �Z, since the latter depends only on the areal data con�guratio n and on
the point covariance model CZ �h�. Consequently, the resulting simulated prediction error compo-
nent e

�
s� � �

z
�
s� � �z

�
s� �: (i) has the covariance matrix of Equation (25), i.e.: CZ �s�� �Z �s� � CZ� �Z, and

(ii) is uncorrelated with the kriging component �z, i.e.: C �Z �Z �s�� �Z �s� � C �Z �Z� �Z, see Equation (26).
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It therefore follows that the covariance matrix CZ �s� of the simulated vector z
�
s� can be written

as:
CZ �s� � C �Z � CZ �s�� �Z �s� � C �Z � CZ� �Z � CZ (32)

which entails that the conditionally simulated point-support values reproduce approximately (within
ergodic �uctuations) the point-support covariance model CZ �h�. Note also that in the multivari-
ate Gaussian case, whereby d � N �mD �CD�, the point-support realizations are also multivariate
Gaussian, i.e., z

�
s� � N �mZ �CZ �.

It is also straightforward to prove that the resulting area-to-point simulated realization z
�
s�

reproduces the areal-support data, i.e., to prove that Gz
�
s� � d. Indeed, from Equation (30):

Gz
�
s� � G�z � Gz

�
s� � GCZDC

�1
D d

�
s� (33)

Using Equations (20) and (29), as well as the last relation of Equation (12), the above expres-
sion becomes:

Gz
�
s� � d � d

�
s� � CDC

�1
D d

�
s� � d (34)

which entails that any areal-support datum d �vk �, de�ned as the convolution of point values within
vk with the sampling function gk, can be reproduced exactly by the resulting area-to-point simulated
realizations, as long as the latter are generated via Equation (30).

It should be stressed here that the coherence characteristic of the simulated point realizations
does not require that the vector d of areal data be Gaussian distributed. The ensemble mean and

variance over a large number S of simulated realizations
�
z
�
s�

c �s � 1 � � � � �S�, however, will vary
depending on the multivariate properties of the point-support RF

�
Z �up� � p � 1 � � � � �P�.

In what follows, we demonstrate the application of area-to-point prediction and stochastic sim-
ulation via a case study. Without loss of generality, we use a simulated set of point-support values
for reference in order to to evaluate the reproduction of their spatial characteristics from the area-
to-point predictions/simulations. All computations were performed in MATLAB using code that
was written by the authors.

3 Case Study

The setting of this case study is that of areal data available on a �xed rectangular support, similar
to the pixels of remotely sensed imagery. The objective is that of prediction/simulation of point-
support values from pixel-support data. In what follows, we use subscripts p and q to denote the
row and column indices of the pq-th prediction/simulation location upq of a regular 2D grid. The
corresponding point-support value is denoted as z�upq�. Similarly, we use subscripts k and l to
denote the row and column indices of the kl-th pixel vkl of a regular pixel-support 2D grid. The
corresponding pixel-support value is denoted as d �vkl �.

3.1 Reference point values and sample areal data

The reference point-support values, which are subsequently used to obtain the pixel-support data,
are generated via moving average simulation in the frequency domain, see Section 2.3. In this
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case study, the simulation parameters include a mean mZ � 50 (data units), and an isotropic point
semivariogram model:

γ�h� � γ� �h �� � CZ �0� �1 � exp

�
� 3 �h �

r �� � 10 �1 � exp

�
� 3 �h �

100 �� (35)

with variance CZ �0� � 10 (data units)2, and practical range (distance at which 95% of the model
sill is reached) r � 100 (distance units).

The simulated reference point-support values
�
z�upq� � p �q � 1 � � � � �594� on a 594 �594 regular

grid (of unit cell size) are shown in Figure 1A. These reference point values are subsequently
averaged using non-overlapping pixels of size 11 � 11, thus resulting to a 54 � 54 gridded set
of pixel-support data

�
d �vkl � �k �l � 1 � � � � �54� shown in Figure 1B. In other words, the sampling

function in this case is a simple box-car �lter (Collins and W oodcock, 1999). The histograms
of the reference point values and the resulting pixel-support data are shown in Figures 1C-D.
Note that the mean of the areal data is the same as that of the point values (49 �7), and that the
variance of the latter (3 �212) is larger than that of the former (2 �952). The semivariogram of the
reference point values of Figure 1A, along with the reference model of Equation (35) used for their
generation, is shown in Figure 1E. The semivariogram of the areal data of Figure 1B, along with
the regularized semivariogram flγZ �h�, is shown in Figure 1F. The regularized semivariogram is
obtained in a similar way as Equation (6), by using a box-car � lter as a sampling function (Collins
and Woodcock, 1999). Note the close agreement between the semivariogram of the areal values
and the regularized model.

In order to speed-up computations and avoid the inversion of a (potentially) large covariance
matrix CD, area-to-point prediction and simulation at any location upq within a pixel vkl is per-
formed using n � 25 areal data from a 5 �5 pixel template centered at vkl . In this case, the vector
of 25 neighboring areal data used for prediction/simulation at all 121 points within vkl is denoted
as: dkl � �

d �vk� j �l� j� � j � �2 ��1 �0 �1 �2�. In order to avoid edge effects, prediction/simulation is
performed at the 550 � 550 grid nodes of the subregion shown with a dashed line in Figure 1A.
Thus, the matrix of grid nodes considered for prediction/simulation is:

�
upq � p �q � 23 � � � � �573�;

the �rst and last 2 � 11 rows, as well as the �rst and last 2 � 11 columns, of the 2D grid of Fig-
ure 1A are discarded. All subsequent images of predicted/simulated values pertain to this interior
grid. Consequently, the reproduction of the pixel-support data from the area-averaged point pre-
dictions/simulations is hereafter investigated only for the subregion of 50 �50 pixels shown with
a dashed line in Figure 1B. Note, however, that all 54 � 54 areal data of Figure 1B are used for
prediction/simulation.

3.2 Area-to-point kriging

A regular 2D prediction/simulation grid, coupled with gridded areal data considered on a �xed
template, leads to great computational savings because the data con�guration (relative position of
pixels with respect to each other within the template) does not change from the prediction locations
within one pixel to another. This entails that the kriging weights and the kriging variance, which
do not depend on the data values but only on the data con�gurat ion, need only be calculated once
(only for a single template).

Area-to-point kriging (see Section 2.2) is performed at all 550 �550 grid nodes of the interior
region of Figure 1A, using the 54 � 54 pixel-support data of Figure 1B and the reference point
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E: Semivariogram of point values
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F: Semivariogram of areal data
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Figure 1: A: Reference point values on a 594 �594 regular grid of unit cell size generated via Gaussian
moving average simulation (see text for details); the dashed-line box indicates the 550 � 550 subregion
where prediction/simulation is performed. B: Area-averaged data obtained from (A) by averaging over
54 � 54 non-overlapping pixels (each containing 11 � 11 point values); the dashed-line box encloses the
50 �50 pixel-support data whose reproduction is subsequently evaluated. C-D: Histograms of point values
and areal data. E-F: Semivariograms of point values and areal data, along with the reference point model
used for the simulation and its regularized counterpart.
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semivariogram model of Equation (35); the resulting point predictions are shown in Figure 2A.
Note the similarity of these predictions with the reference point values of the interior region of
Figure 1A: the correlation coef�cient between these two map s is 0 �95. The map of associated
standard errors of prediction for the same subregion is shown in Figure 2B. The resulting pattern
of standard errors has a mesh-type appearance due precisely to the fact that the kriging variance
depends only on the data con�guration (and the semivariogra m model). In other words, the map
of kriging standard errors is comprised of replicates of small matrices of such errors (each of size
11 �11). Standard errors are minimum at the pixel centers, and increase radially (due to the point
semivariogram model γZ �h� being isotropic) towards the pixel boundaries. Note, however, that the
standard error does not attain the value of zero at the pixel center; this would be the case only if
the areal data were assumed of point support.

Figure 2C gives the scatterplot between the area-averaged point predictions and the correspond-
ing pixel-support data in the subregion of Figure 1B, which indicates a perfect reproduction; this
is expected, since such a reproduction of pixel-support data is guaranteed by construction, per
Equation (20). The quantile-quantile plot between the distributions of point predictions and the
reference values is shown in Figure 2D. Note the smoothing effect of interpolation, which leads to
overestimation of the proportion of low reference values (lower end of q-q plot) and underestima-
tion of the proportion of high reference values (upper end of q-q plot). The semivariogram of point
predictions, along with the reference point semivariogram model of Equation (35) is shown in Fig-
ure 2E. Note again the smoothing effect of interpolation, which results into a semivariogram with
parabolic behavior near the origin, and lower sill (less variance). The above smoothing effects
of interpolation are corrected via stochastic simulation at the expense of reduced local accuracy
(lower correlation between point predictions and reference values), see for example ChilŁs and
Del�ner (1999).

We further investigate the effect of the point semivariogram model on the resulting area-to-
point predictions and their standard errors. More precisely, we investigate the use of two alternative
semivariogram models:

γ� �h �� � 5
�
1 � δ �h �

�
� 5 �1 � exp

�
� 3 �h �

100 �� (36)

γ� �h �� � 10
�
1 � δ �h �

�
(37)

where δ �h � denotes the Kroneker delta function, de�ned as δ �h � � 1 if �h � � 0 and δ �h � � 0 if �h � �� 0.
The semivariogram model of Equation (36) is similar to the reference model of Equation (35), but
with a 50% relative nugget. Equation (37) is a pure nugget effect model (complete absence of
spatial correlation).

Figures 3A-B show the area-to-point predictions using the above two semivariogram models.
The predictions of Figure 3A are very similar to (but somewhat less smooth than) those of Figure
2A, while the predictions of Figure 3B are very similar to the pixel-support data of the interior
region of Figure 1B. The correlation coef�cients between th ese two sets of point predictions and
the reference point values of the interior region of Figure 1A are 0 �94 and 0 �92, respectively. In both
cases, the area-averaged predictions reproduce exactly the pixel-support data of the interior region
of Figure 1B. Figures 3C-D show the standard errors associated with the predictions of Figures 3A-
B. Note the similar pattern (but higher magnitude due to the higher nugget effect) of the standard
errors of Figure 3C with those of Figure 2B. The standard error for the semivariogram model
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A: Area-to-point predictions
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B: Std error of predictions
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C: Area-averaged point predictions vs areal data
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D: Quantiles of predicted vs reference point distribution
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E: Semivariogram of predictions
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Figure 2: A: Simple area-to-point kriging predictions on the 550 �550 grid shown in Figure 1A, using the
54 �54 pixel-support data of Figure 1B and the reference point semivariogram model (see text for details).
B: Standard error of area-to-point predictions. C: Scatterplot of area-averaged point predictions versus
the corresponding 50 � 50 areal data of Figure1B. D: Quantile-quantile plot between the distributions of
predictions and reference point values. E: Semivariogram of point predictions, along with the reference
point model.
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